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Slow Modes in Passive Advection

Denis Bernard,' Krzysztof Gawedzki,” and Antti Kupiainen®-*

Received June 20, 1997

The anomalous scaling in the Kraichnan model of advection of the passive
scalar by a random velocity field with nonsmooth spatial behavior is traced to
the presence of slow resonance-type collective modes of the stochastic evolution
of fluid trajectories. We show that the slow modes are organized into infinite
multiplets of descendants of the primary conserved modes. Their presence is
linked to the nondeterministic behavior of the Lagrangian trajectories at high
Reynolds numbers caused by the sensitive dependence on initial conditions
within the viscous range where the velocity fields are more regular. Revisiting
the Kraichnan model with smooth velocities, we describe the explicit solution
for the stationary state of the scalar. The properties of the probability distribu-
tion function of the smeared scalar in this state are related to a quantum
mechanical problem involving the Calogero-Sutherland Hamiltonian with a
potential.

KEY WORDS: Passive scalar; Lagrangian trajectories; anomalous scaling.

1. INTRODUCTION

One of the basic open problems in fully developed hydrodynamical tur-
bulence is the understanding of the origin of observed violations of the
Kolmogorov!? scaling. The violations indicate presence of strong short-
distance intermittency in the turbulent cascade, i.c. of frequent occurrence
of large fluctuations on short distances. Recently some progress has been
achieved in the understanding of the analogous problem for the passive
advection of a scalar quantity by a random velocity field. The scalar is
known to exhibit strong short-distance intermittency even if such is absent
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in the velocity field. In the simplest model of the passive scalar, due to
Kraichnan,''® one assumes a Gaussian distribution of time-decorrelated
and spatially nonsmooth velocities. The anomalous scaling of the scalar in
this model was related in refs. 7, 15, and 24 to zero modes of differential
operators describing the stochastic evolution of the flow. In the present
paper we elaborate on this idea showing that the short-distance intermit-
tency of the scalar is due to the presence of slow collective modes in the
otherwise super-diffusive evolution of the (quasi)-Lagrangian trajectories of
fluid particles. We show that in the Kraichnan model the slow modes,
reminiscent of resonances in multi-body problems, are organized into
infinite multiplets of descendants with the zero modes playing the role of
primary objects. This structure might indicate the presence of hidden
infinite symmetries in the Kraichnan problem.

The other important feature of the Lagrangian flow in nonsmooth
velocities is its intrinsically probabilistic character: the Lagrangian trajec-
tories of the fluid particles behave randomly even in a fixed velocity field.
This phenomenon appears to be closely related to the presence of the slow
modes in the stochastic flow of fluid particles. In more realistic velocity
fields which are regularized on the viscous scale the effective stochasticity
of the fluid trajectories is due to their sensitive dependence on initial condi-
tions on scales shorter than the viscous one. We expect both phenomena:
the presence of resonant slow modes in the Lagrangian flow and the non-
deterministic character of the fluid trajectories, to be present in more
realistic high Reynolds number velocity ensembles and to be responsible
for their intermittence.

The version of the Kraichnan model with smooth velocity fields, rele-
vant for the description of the distances smaller than the viscous scale, has
been intensively studied, see refs. 19, 24 and 25 to 10. We return to this
case developing further the tools of harmonic analysis used first for this
model in refs. 24 and 26. These tools allow a fast calculation of the the
Lyapunov exponents for the flow of fluid particles found first in refs. 6 and 8.
We also explicitly construct the stationary state of the scalar relating its
functional Fourier transform to a certain Schrédinger operator on the sym-
metric space SL(d)/SO(d) where d is the space dimension. In particular, we
compute the exponential decay rate of the probability distribution func-
tions p(f)) of smeared scalar values obtaining in three dimensions (and
above) a result different from that of refs. 6, 8, and 10. The discrepancy is
traced to the contribution of correlations of different (pairs of) fluid trajec-
tories disregarded in refs. 6, 8, and 10. For the exponential decay rate of the
Fourier transform of p(f#) our results reproduce fully the calculations of
refs, 6 and 8 and confirm their semiclassical interpretation proposed in
ref. 10.
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The paper is organized as follows. In Sect. 2 we present the Kraichnan
model and obtain its solution employing a path integral formalism. Sec-
tion 3 recalls briefly the analysis of refs. 3 and 15 establishing anomalous
scaling of the scalar by perturbative analysis of the scaling zero modes of
operators governing the flow. The physical interpretation of the zero modes
as scaling structures conserved in mean is the subject of Sect. 4. Section 5
discusses the collective slow modes of the random flow of fluid particies.
The analytic origin of the slow modes is unraveled in more technical
Sect. 6. Section 7 describes the intricacies of the probabilistic description of
fluid trajectories. Finally, Sects. 8 and 9 study in detail the case of
Kraichnan model with smooth velocity field elaborating on the earlier
results of ref. 24 and of ref. 25 to ref. 10. Appendix A explicitly analyzes the
slow modes in the relative motion of two fluid particles in nonsmooth
velocity field. Appendix B contains some more details on the smooth
velocity case related to the results of refs. 1 and 6.

2. KRAICHNAN MODEL OF PASSIVE SCALAR

Let us consider an advection of a scalar quantity 7(¢, x) (the tem-
perature) in d space dimensions. The time evolution of T is governed by the
linear equation

0, T+v- VT —kAT=f (2.1)
where v(z, x) is the incompressible (V- v=10) velocity field of the advecting
fluid, x is the diffusion constant and f(¢, x) is a given source term. Denote
by R(t, x; ty, x,) the solution of the homogeneous equation

(0,+v-V—kd) R(1, 1,) =0 (2.2)
with the initial condition

R(to, X tg, Xo) = 6(x — x,) (2.3)
We shall call R(t, x; ty, xo) the evolution kernel and the corresponding

operator R(1, t,) the evolution operator. The solution of Eq. (2.1) has the
form

T(t,x)=jR(t, X; to, ¥) T(to, y)dy+rjR(t, x5 ) fls, y)dsdy (2.4)

with T(z,) being the initial configuration of 7" at time f,.
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There exists a functional integral formula for the evolution kernel
which, for sufficiently regular v, may be easily given a rigorous sense as an
integral with respect to the Wiener measure with density:

t - . 2
R(1, x5 Lo, Xo) :J e —(L/4) fiy dsT(s) = os. X)) Py (2.5)
x(fg) = xy
x(t) =x

where X = (dx/dt). It will be useful to rewrite the above functional integral
as a phase space one:

4 245 ‘(s) — )
R(1, x5 tg, Xo) = g Jig dsluepls) + ipls) - (X) —vls. XM Dy Dpy (2.6)
x(1) = xq
x(t)=x

with the Gaussian integral over the unconstrained paths s— p(s) repro-
ducing the previous integral. From the functional integral representations
it is clear that when x — 0 then

R(1, x; 15, xo) = 0(x — x(1; g, X)) (2.7)

where x(1; ty, x,) is the Lagrangian trajectory of the fluid particle satisfying
the equations

x=uo(t, X), x(t5) =X, (2.8)

Indeed, we may set x=0 in the phase space integral (2.6) and the
p-integral gives then a delta function(al) concentrated on the Lagrangian
trajectory. For small positive x, on the other hand, R(t, x;1,, Xo) is
the probability distribution function (p.d.f.) of the endpoint of a small
Brownian motion around the Lagrangian trajectory. Such a Brownian
motion X415 1y, Xo) With a drift is a solution of the stochastic ordinary
differential equation (ODE)

dx =v(t, x) dt + rkdp, x(to) = Xo (2.9)
with f(¢) denoting the Brownian motion without drift. Thus
R(1, x; 1y, x¢) = E(S(x — x4(1; Ly, Xo))) (2.10)

where E(-) denotes the expectation with respect to the Wiener measure
of . Equation (2.10) is another form of Eq. (2.5).

We shall be interested in the situation when both velocities v and
source f in Eq. (2.1) are random so that Eq. (2.1) is a stochastic PDE.
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In order to solve such a stochastic equation, we should define the evolution
kernel R(1, x; ty, x,) as a random, v-dependent process or, in plain English,
be able to compute various expectation values of R’s like

DL, X; by, Xo) = < n R(t;, x5 10,45 xo,,-)> = E<n 5(x,-—xﬂl_(t,.; to, s xo,,.)>

i=0 i=0

(2.11)

where t=(t,..., t,), X=(x,..., X,,) and similarly for ty, X, and where FE(-)
denotes the expectation w.r.t. s and ». It is clear from the second
expression for Z(t, x;t,, X,) that it gives the joint p.df of the ends
X (155 Lo, is Xo,;) Of n Brownian motions (independent for given v) around
the Lagrangian trajectories starting at times 7, , from points x, ;. The x - 0
limit of Z,(t, x; ty, X,) (if exists) shouid simply give the joint p.d.f. of the
endpoints x(1;; to, ;» Xo ;) of n Lagrangian trajectories.’

Let us assume that the velocity is a Gaussian stationary field with
mean zero and covariance

CoX(ty, x3) 07(15, x3)) = D115, xy5) (2.12)
where 1, =1, ~ 15, X1, =x, — x, and 8, D*(t, x) =0 to assure the incom-

pressibility. Employing the phase space path integral representation (2.6)
and performing the Gaussian functional integration over v, we obtain®

it X; to, Xo)

:< e—Zi{f::]idsi[xpi(si)z+tp,(si)~(x,-(s,->—v(s,, X (s} Dx Dp>
xi(tg, ) =X, ;

x;(4) =x;

- f o Af i s Dep (52 + iy (s) 31051}

xi{tg )= ;
x4y =x;

xe 122 IZM ds; ﬁjoj ds; Daﬂ(-‘i"sj’ x;(s)— Xj(sj))pr(si)plg(sf) Dx Dp (2 13 )

If, following Kraichnan,'® we assume that (s, x) is also decorrelated in
time, i.e., that

D*(1, x) = 5(1) D*(x) (2.14)

> K.G. thanks Ya. Sinai for attracting his attention to the statistics of Lagrangian trajectories.
¢ Similar expressions appeared in refs. 4 and 9.



524 Bernard et al.

then formula (2.13) for 2(t, x; t,, X,) may be further simplified. Let as set
all ¢, equal to ¢ and all ¢4, equal to 7,. We shall denote the corresponding
P, by B(1, X; ty, Xg) (the general case can be reconstructed from the special
one for v’s delta-correlated in time). The fundamental property of the
p.d.f’s (1, x; 1y, Xo) for the time-decorrelated velocities (not necessarily
Gaussian) is the composition property

J%(Ia x; Ss Y) %(‘& y, th XO) dy 2%([a x; t()’ x()) (215)

From expression (2.13) we obtain, assuming relation (2.14),
Z(1, X; 1y, Xg)

_ e Sl dsLi S, PP+ (12) 5, ; @9 (x,(9) — x,(9)) pis) pJ(s) +§ Zypy(9) - 51(5)]

xi(t) =xp,;
x; (1) = x;

x Dx Dp. (2.16)

It is casy to see that the right hand side is a phase space path integral
expression for the heat kernel (dynamical Green function) of the 2nd order
(positive, elliptic) differential operator

h=-} § oNepogog-nTa, @

j=1 i=1
ie., that
D1, X; 1y, Xg) =~ 70 (x, x) (2.18)

compare Eq. (2.6). Note that, due to incompressibility, there is no ordering
ambiguity in passing from the path integral to the expression for .#,.
Rigorously minded person may take expressions (2.18) as defining the
evolution operators for the stochastic PDE equation (2.1) in the time
decorrelated case. Of course, the composition property (2.15) follows from
the semigroup law for the heat kernels.

Let us now go back to the passive scalar. Assume that both v and f
are independent stationary processes. Imposing also the zero initial condi-
tion for 7 at f,= — oo, we obtain using Eq. (2.4) the following expression
for the correlators of T:

(1 M) =TT ds [y ninxisn (11 Sisu ) 219
i=0 i @

f=1"" i=1
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[t should be clear that if a stationary state of the scalar is generated for
large time and independent of the initial conditions (say, decaying at
infinity) then its correlation functions should be given by the above equa-
tion. Hence the importance of understanding the behavior of the p.d.f’s
2(t, X; ty, Xg).

Assume now that the source f (independent of v) is a Gaussian process
with mean zero and covariance

Sy, xp) Sl x3)) =60(1,) 6(xy,) (2.20)

where % is a positive definite test function. In this case and for the
Gaussian, time decorrelated velocities, Eqs. (2.19) simplify permitting an
inductive calculation of the stationary correlation functions of the scalar.
Let us see how this works for equal time correlators. We may consider only
the even-point functions of 7, %, (x)={T(1, x,)- - T{1, X,,)>, since the
odd correlators of f vanish implying the same property of the T correlators.
For the 2-point function we obtain

Fxip) =] ds [dye =%, y) €(y12)

=fdy=/i{1(x,y)‘6'(y12) (2.21)
and for the 4-point function

Fx)= ) fI dsfi ds’Jdy'[dze“"”“”"(x,y)(é‘(yij)

Igi<jg4 ™ —®
xe"“"”’l(yl,g, Var 2) 6(213)
- v fuzz;l(x, Y) Fol Yirr Vo) €Ly;) dy (2.22)
1<i<j<4 g
Similar arguments for the 2n-point function give
Fulx)= L [N P oDrg ya) Gy dy (223)
1<i<j<2n

The above equations permit an inductive calculation of the stationary
equal time correlation functions of T with the use of the (static) Green
functions .# ; '(x, y) of operators . #,.
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3. ZERO-MODE DOMINANCE

We shall be interested in the case where the spatial part 2*(x) of the
v-covariance has the form

D(x) = Dy 6% — d*B(x) (3.1)

where d*#(x) scales with power 2 —y,
d™¥(x) ~|x|*77 (32)
for small |x|. Here 0<y<?2 is a fixed parameter. The tensorial form of
d*¥(x) is fixed for small |x| by the incompressibility condition

0, d*¥(x)=0:
D

d“ﬁ(X)éa—_—l((d-l-l—)’)é“ﬁ |XI>77=(2—y) x*x* |x| ) =df(x) (33)

where D is a constant. For 0 <y <2, one may take

" e—ik»x . kakﬂ
@ﬂ(x)~f(k2+m2)<d+2—v>/2 <5 - >dk (34)

where m is an infrared regulator. Relations (3.2) and (3.3) hold then for
m|x| << 1. When m— 0, d*%(x) tends to the scaling form d*¥(x) but Z,
diverges like O(m”~2).

The Gaussian distribution with covariance given by Egs. (2.14) and
(3.1) is relatively far from a realistic description of the statistics of turbulent
flows. First, it excludes the velocity intermittency, ie., more frequent
occurrence of large deviations of velocity differences than in the normal dis-
tribution. Such occurrence characterizes short scales in the inertial interval
of the turbulent cascade. Second, the time decorrelation is a brutal approxi-
mation since one observes scale-dependent time correlations in turbulent
flows. The power-law growth of the velocity difference covariance

LWty x3) — 0511, X)W1y, X,) —0P(1,, X3))> =26(11,) d°¥(x,2)

~O(113) x5 277 (3.5)

mimics, however, the expected behavior in the turbulent cascade (the
Kolmogorov value of the scaling exponent corresponds to y = 2 since time
appears to scale like length to power y in the model). The point is that even
the velocity distributions far from realistic, as the one described above,
induce strongly intermittent scalar distributions and the purpose of the
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Kraichnan model is to understand this phenomenon in the simplest con-
text.
Operators ., may be rewritten in the form

n

n 2
My= Yy dP(xz) 0400~k Axi—%@0<z ax7> (3.6)

1Si<j<n ! i=1 i=1
where the last term drops out in the action on translationally invariant
functions. We shall, somewhat pedantically, denote the operator .#, acting
in the translational invariant sector by M,. We shall view M, as an
operator in the reduced space L%(R%), with d, = (n — 1) d. This is the space
of functions of the difference variables x,, = x;— x,, square-integrable with
the measure d'x =dx,, -+ dxq,_,. The heat kernel of M,

e U= Myx x,) =f d%(z, X +a;ty, Xg)da=P,(1,%; 1y,%y) (3.7)
R

with a=(q,..,a), gives the joint p.df of the differences x, of the
Lagrangian trajectories starting at points x, (or, equivalently, the joint
p.d.f. of the Lagrangian trajectories in the quasi-Lagrangian picture®). It
is translationally invariant separately in x and x,.

In the limit m — 0 when d*/(x) takes the scaling form (3.3) but %,
diverges, operator M, unlike .#, tends to the limit which for x =0 coin-
cides with the scaling operator

My= Y df(x)0:0. (3.8)

i<i<j<n

of scaling dimension —y. M is a positive singular elliptic differential
operator of the 2nd order in L R%). By a simple self-consistent analysis
one may convince oneself that, at least for y close to 2, e ~*»(x,y) and
M '(x,y) converge pointwise when m — 0 and x — 0 to the heat kernel
e_’Mff(x, y) and the Green function (M¥)~! (x, y), respectively. The latter
should satisfy bounds that may be inferred from a semi-classical analysis of
the path integral expressions (2.16) with 2*# replaced by d*f and « set to
zero.” In the limit y = 2, d*¥(x) tends for non-zero x to a constant times
5% and M becomes proportional to the d,-dimensional Laplacian. When
y is close to 2, the heat kernel e“’Mff(x, y) and the Green function
(M3°)~! (x,y) differ little from the heat kernel and the Green function of

" To our knowledge, such bounds have not been obtained in the mathematical literature and
constitute an open mathematical problem.
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the Laplacian. In particular, e ‘™x(x,y) is finite everywhere and
(Mff)"1 (x,y) is infinite only when x =y. We expect this to hold for all
y>0. When 2 —vy is small, the behaviors of (Mff)“ (x,y) around x =y
and at infinity differ from those of the Green function of the d,,-dimensional
Laplacian by @(2 — y) modifications of the power laws. All that implies that
the pointwise limits m — 0 and « — 0 of the equal time correlators of 7'
given by Eqs. (2.23) exist, at least for y close to 2, and are given by the ver-
sion of the same equations employing the scaling Green functions
(M=)~ (x,y) (with dy replaced by d'y). From now on, we shall deal only
with these limits and with the scaling operators M’ and shall drop the
superscript “sc.”

We are interested in the behavior of the equal time correlators of T,
especially in their scaling properties, in the situation when the source acts
only on large distances, i.e., in our Gaussian model, when the spatial part
% of the covariance of f is almost constant. We may study this regime by
replacing €(x) by ¢,(x)=%(x/L) and by examining the large L behavior
of the equal time correlators %, =%, ;. The following result, which may
be referred to as the zero mode dominance, has been described in refs. 3
and 15: at y sufficiently close to 2 and at m, k=0,

Py 1(X) = AgLPnF S (x) + O(L 2+ 4 [ ... ] (3.9)

for n> 1. Above, A is a non-universal amplitude (a constant depending on
the shape of the source covariance €) and p,,=(2n(n—1)/(d+ 2))(2 —7) +
O({2 —»)*) is a universal (ie., ¢¥-independent) anomalous exponent. F9, is
the scaling (translationally invariant) zero mode of M,,,

FOOX)=2""ruF0 (x), M, Fo =0. (3.10)

[ -.-] denotes terms which do not depend on at least one x; and as such
do not contribute to the correlation functions of scalar differences

LT, x) =T, yi))>.
FX) =S x1,X3, “'xin—1,2n+0(2_)’)+[ ] (3.11)

where & is the symmetrization operator. The contribution to &3, propor-
tional to 27y is also known up to [ --- ] terms.® A similar analysis was
performed in refs. 5 and 7 for large space dimensions 4.

The main implication of the relation (3.9) is the anomalous scaling of
the n> 1, y close to 2 structure functions S, ;(x)= (11, x) = T(t, 0))*".
At m, x =0 and for |x|/L <1,

Som, £(X) ~ L2 | x| ¥~ Fan (3.12)
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The above behavior contradicts the simple dimensional prediction S,,(x) ~
[x|* which holds only for the 2-point function.

Let us sketch the argument leading to the result (3.9), based on apply-
ing the Mellin transform to select the dominant contributions for large L.
It will be convenient to work with a version of operators M, of scaling
dimension zero

N,=R"M, R (3.13)

where RZ =3, _,(x;,—x;)* N, is also a positive (unbounded) operator® in
L*(R%). Since it commutes with the self-adjoint generator of dilations

1
Dn=?<2x?6x¢+%"> (3.14)

it is partially diagonalized by the Mellin transform of the translationally
invariant functions

f(x)—>f(a,ﬁ)=ro/1“"“f(/1f()d/1 (3.15)

0

The map (3.15) is a unitary transformation, diagonalizing D, between
2 d, 2 d" 2 d —1
L*(R%) and L Rea:—; ®LAS»™ )

where S%~! is composed of points X = x/R,, in the space R% of difference
variables. In the language of the Mellin transform, N, becomes a family
N (o) of operators in L} S%~!'). In particular,

(NN @R =[ B % ) flo.9)ds (3.16)

S~ 1

where the Mellin-transformed Green function N !(o; %, §) satisfies the
hermiticity relation

N Yoy 9, %) =N (~d,—5; %) (3.17)

8 Technically, N,, as well as M,, may be defined as the Friedrichs extension of its restriction
to smooth functions with compact support, vanishing around the diagonals x; = x;.
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It is a meromorphic function of ¢ with simple poles for generic y. Around
the poles

n ) 1 AN TR
Nt <a—%;§(, y>: SR (3.18)

o—0;

where f; are the scaling zero modes of M, of scaling dimension o, and g,
are similar modes with scaling dimensions —d,, +y — ,, both in L*(S%~1),
Although operator M, has continuous spectrum when considered as a
positive operator in L}(R%), it induces an operator N,(c—(y/2)) in
L*(S%~ 1Y) with a discrete spectrum when acting on scaling functions with
a scaling dimension ¢. The scaling zero modes occur at discrete values ¢,
of ¢ for which zero belongs to the spectrum.
[t is easy to see from the inductive equations (2.23) that

Fom, LX) = L P, ({X/L) (3.19)

and that, with the use of the Mellin transform, these equations may be
rewritten as

d " PN
Fon 1(X) =17 | ST (R, /L) N (a—z, 8, y)
’ Re o= —(d,/2)+ (y/2) 2T 2
X(f’znfz,l@(g)/\(a*%y)dy (3.20)

Shifting the integration contour to Re o =yn+ 2 — (2 — y), we obtain

" )

Fans) =~ S LR R, N, i)
XN Ty 1 ®E) (60—, §)dY+ (LT3R (321
where the sum runs over the poles g, in the strip

d
~5"+%<Re o, <pn+2—C2—7y) (3.22)

and the last term, suppressed for large L, comes from the shifted contour.
There are two types of poles: those coming from (%,_, | ® ¥) " and those
in the Green function N . The first ones contribute either to [ --- ] or to
O(L=2+%2=7) in Eq. (3.9) and are not interesting for us (at least for y
close to 2). The second ones are related to the scaling zero modes of M,
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see Eq. (3.18). Only rotationally invariant (if % has the same property) zero
modes symmetric under permutations of points and square-integrable on
S%~! contribute to %,, ,. Such zero modes may be studied for y close to
2 by perturbative analysis of discrete-spectrum operators M, acting on
scaling functins or, equivalently, of operators N,(o) acting in L*(S%!).
{Recall that for y=2, M, becomes the d,-dimensional Laplacian). The
result is that, for y close to 2, all but one zero modes in the strip (3.22) con-
tribute [ ---] terms. #F9, is the exception and it has scaling dimension
0o =71 — pP,,. We expect essentially the same picture with the zero mode
domination of correlation functions to persist for all y > 0. One of the open
problems is whether there are other non-[ -.- ] zero modes entering the
strip (3.22) for smaller y and whether, if they cross, they may produce pairs
of zero modes with complex scaling dimensions. For y =0 the singularities
in the inverse symbols of operators M, become strong enough to induce
continuous spectrum of operators N,(c¢) and the picture of zero mode
dominance has to be somewhat modified.!" 2%

One may also read the ¢(2-7y) contribution to the anomalous
exponent p,, from the @((2—y)In L) term in the expansion of %, ; into
powers of 2 — p, similarly as in the s-expansion for critical phenomena one
obtains anomalous exponents from logarithmic divergences. In the latter
case, the renormalization group which exponentiates the divergent
logarithms provides an explanation why it is reasonable to extract informa-
tion from badly divergent expansions. In our argument, the Mellin trans-
form analysis played a similar role exponentiating the logarithms of L. One
may show!'® that there is an (inverse) renormalization group picture of the
advection problem hidden behind the above analogy. The renormalization
group for the passive scalar eliminates inductively the long-distance modes,
unlike in critical phenomena where it is based on subsequent elimination of
the short-distance degrees of freedom.

4. CONSERVED SCALING STRUCTURES

In view of the domination of the equal time correlators of the scalar
by the scaling zero modes of operators M, it is important to understand
the physical interpretation of such modes. It is, in fact, very simple:

zero modes are scaling structures preserved in mean by the flow.

Indeed, recall that e ="x(x, x,) = P,(1, X; 0, X,) and it describes the proba-
bility that the differences of n Lagrangian trajectories starting at time 0 from
points x, are at time ¢ equal to x,,. The mean value of a translationally
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invariant function f(x) of positions of n fluid particles at time ¢ is then
equal to

i = j SIX) P, %0, %) d'x = f fix) e ™Mux, xo)d'x  (4.1)
Differentiating the right hand side w.r.t. 7, we obtain
ff(x) M, e "™Mu(x, x)d'x = j M, f(x)e "™Mi(x, x,) d'x (4.2)

where we have integrated by parts twice. If f'is a zero mode of M,, then the
right hand side vanishes and, consequently, the mean (4.1) is constant and

I g =S (%) (43)

In fact, the story is a little bit more complicated. The zero modes with
Re g,> —d, + y are true zero modes. However the ones with the real part
of their dimension < —d, +y are not. For them, M, f is a contact term
supported at the origin. Such contact terms may give non-zero contribu-
tions to the right hand side of Eq. (4.2) or to the boundary terms in the
integration by parts, depending on the interpretation. The zero modes with
the scaling dimensions belonging to the strip (3.22) are true zero modes
and hence they describe scaling structures of the flow conserved in mean.
As was mentioned before, the translationally invariant zero modes that are
square-integrable on S%~! come in pairs (f;, g;) corresponding to scaling
dimensions ¢; and —d, + y— &, (we may assume that Reo;> —(d,/2)+
(7/2)). For y close to 2 there are no zero modes square integrable on S%~!
with dimensions in the strip —d, +y < Re <o < 0. We expect this to hold
for any y>0. In that situation f; are the true zero modes and they have
non-negative real parts of the scaling dimension whereas g; are the false
zero modes with real parts of dimension < —d, +y and with M, g, being
contact terms. Our claim about the absence of zero modes in the strip
—d,+7y<Reo <0 may seem paradoxical if we recall that the multi-body
structure of operators M, assures that zero modes of M,_, are also
annihilated by M,,. Indeed,’ the (false) zero modes of M,_, with Reo <
~d,_,+y may lie in the strip —(d,/2) +(y/2) <Re g <0. However, the
resulting zero modes of M, are not in L*S%~') and do not contribute to

K. G. thanks E. Balkovsky, G. Falkovich and V. Lebedev for a discussion of this point.
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the poles of the Green function N (&, §) and hence to the right hand side
of Eq. (3.21).

It should be stressed that the behavior (4.3) is atypical. For a general
translationally invariant, scaling function with (say, positive) dimension o
and for any time 7> 0,

ofy 1/y
<f>l,xo=<£> ff(x)e—w,,(x’(;) X0>d’x (4.4)

as it is easy to see with the use of the scaling property
e "M )X, AXg) = A% e ~™Ma(x, X,) (4.5)
It follows that, typically,

D ixg~ 1" (4.6)

The behavior (4.6) characterizes a super-diffusion where the square distan-
ces between points grow faster than linearly in time. A slower behavior
requires vanishing of f S(x) e~ ™x(x, 0) d’x. Note that the exponent of the
growth diverges when y — 0.

It is easy to understand the origin of the behavior (4.6). The stochastic
process described by the probabilities P,(z, x; 0, X) =€~ "*(x, Xo) may be
viewed as a diffusion with the diffusion coefficient proportional to the
power 2 —y of the distance between the particles. When particles separate
they diffuse faster and faster which results in the super-diffusive behavior
with mean distance square growing proportionally to ¥7. On the other
hand, on small distances the diffusion is slow and particles which get close
spend relatively long time together. Since (/)4 «, = f(X,), the time ¢ after
which { />, ., reaches, say, twice its original value behaves like (/1 (x0)7°),
ie, it goes slower to zero with the diminishing separation between the
initial points than for the standard diffusion at y=2,

We have seen that the scaling zero modes of M, correspond to conser-
ved collective modes of the super-diffusion with the transition probabilities
P, (1, x; 1y, Xo). Existence of such conserved modes is nothing exceptional.
They are present already in the standard diffusion. For example,

[ [t = xhT e xo) dx =3 = X313 (4.7)

822/90/3-4-2
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and is time independent, although { xJe™(x, Xo) dx behaves like O(1).
Another example is

d
J. [szxg4_m (XTZ + x434)] e'(x, Xo) dx

d
=x(2,,12x§, 34“m(x3,12+x8, 34) (4.8)

Under symmetrization, the first conserved mode vanishes whereas the
second one gives the zero mode of 4 whose (2 — y)-perturbation dominates
the 4-point function of the scalar for y close to 2.

5. SOME PHYSICS: SHORT-DISTANCE BEHAVIOR OF
FLUID PARTICLES

The zero mode dominance of the structure functions of the scalar is
due to the appearance of such modes in the asymptotics of the Green func-
tions M '(x,y). Indeed, with the use of the Mellin transform, one may
write (in the reduced space):

d
ML y) = | S RX/L) N
Re o = —(d,/2) + (y/2) 70

x<g_§,,z, 9) R,(y)~4*7=° (5.1)

compare to Eq. (3.20). Pushing the integration contour more and more to
the right and using Eq. (3.18) to control the residues of the poles, we
obtain for y # 0 the asymptotic large L expansion:

MUX/L, y)=Z L=of(x) g.(y) (5.2)

with Re o,> —(d,/2) + (y/2) or, as we expect, with Re g, 0. Although it
has a similar form to the eigenfunction expansion of an operator with dis-
crete spectrum, it has little to do with the spectral decomposition of M '
Since M, is a positive operator in L*(R%) with continuous spectrum coin-
ciding with the positive real line, the spectral decomposition of M ' is a
continuous integral involving the generalized eigen-functions of M,. The
scaling zero modes f; or g, of scaling dimensions o; and —d,+y—d,,
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respectively, are square-integrable on S%~! but are not generalized eigen-
functions of M, (except for o;=0). They are rather analogous to resonan-
ces in many-body problems with the plane of complex ¢ replacing that of
complex energies and ¢ with real part equal to —(d,/2) corresponding to
real energies.'® Note that due to the hermiticity and to the overall scaling
of the Green function M '(x,y),

MYAX, Ay) =274 M 7l (x, y) (5.3)

the expansion (5.2) may be also rewritten as

MHEX, y) = 3 L™% =g, (x) fi(y) (54)

so that the zero modes g; with the scaling dimensions —d, +y — &, of real
part less than —(d,/2)+(y/2) (or even < —d,+y) dominate the large
distance behavior of the Green function of M,. Expansion (5.4) may be
also obtained directly from Eq. (5.1) by pushing the o-integration contour
to the left.

It is not difficult to see directly that the functions f; appearing in
expansion (5.2) have to describe scaling structures conserved by the flow.
Indeed,

'[Mn"(x/L, y) e ™Mu(x, x4) d'x

=Y LoFY) [ fi(x) e~ ™(x, %) d'x (55)
if we insert expansion (5.2) into the left hand side. But on the other hand,

0. [ M7 YX/L, y) e~ ™M(x, X,) d'

=5,Ldn"’JMn“(x, Ly) e ~™u(x, x,) d’'x
= —L%"7e " "Mux,, Ly) (5.6)

where we have used the scaling property (5.3). The (reduced space) heat
kernel on the right hand side decays in L faster than any power for y #0.

10 This analogy is somewhat loose, since the poles in o live in the first sheet, probably only
on the real axis.
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Comparing the latter expression to relation (5.5), we infer that
arjf,-(x)e"M"(x, Xo) d'x has to vanish and hence f;, a function with
scaling dimension o;, is conserved in mean by the Lagrangian flow. This
gives another proof of the statement (4.3).

Since the Green function is given by the time integral of the heat
kernel,

My xy)= [ e~ M(xy)dr (57)
0

one may also expect to see the zero modes in the asymptotic behavior of
the probabilities P,(1, x; 0, xo) =e ~Mx(x, X,). Assume an asymptotic
expansion

P (1, X/L; 0, %) =} L™ih;(X) (1, Xo), (5.8)
J

with Re p;>0, describing asymptotics of the probabilities that the
Lagrangian trajectories will come at time 7 close together. We could expect
that functions ¢; are again zero modes of M,,. To verify whether this is the
case, consider the integral

JP,,(I, x/L; 0, y) e ~™(x, Xo) d’'X
=ZL"’fmJ¢,-(X) ¢~ M(x, Xo) d'X (5.9)
J
The left hand side may be rewritten as
LdnJe_’Mn(x, y)e ™M Lx, x,) d'x
= f e Mu(x, y) e LT Mu(x, xo /L) d'x
=e UHETOM(x L, y) =Y L70,(x0) Y, (1 + L7, y)  (5.10)
j

by changing variables x — Lx and using the scaling relations (4.5), the
composition law of heat kernels and, finally, the expansion (5.8). But
¥;(t, y) should be smooth in ¢ for #0, co. It then follows that
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fP,,(t, x/L; 0, y) e ~"Mn(x, ) d'x

o
=y L*"f‘”’;—,af'w,.u;"y) $;(xo) (5.11)
i .
p=01,.

The right hand side becomes independent of 7 only approximately if
7L 77 < 1. Comparing the asymptotic expansions (5.9) and (5.11), we infer
that the scaling functions of (of scaling dimension p;) are not necessarily
preserved in mean by the Lagrangian flow. Instead, jqﬁj(x) e~ ™Mi(x, x,) d'x
is a pure polynomial in 7. Note that the polynomial still grows slower than
the super-diffusive growth t#/ since its order p satisfies the relation
p;j=py+yp=yp where p; is a scaling dimension of some other ¢,.. Hence
functions ¢, describe slow collective modes of the super-diffusion.

It is not difficult to see how the slow modes are related to the zero
modes of operators M,,. Differentiating Eq. (5.8) over ¢ we infer that

_Z L=*%ig;(x) 0,¥;(t, Xo) =Z L™%¢(x) M, y,(t, Xo)
7 J
:ZL~P1+7Mn¢j(x) Wj([, Xq) (5.12)

It follows that if the function ¢, appears in the expansion (5.8) then also
M, ¢; does. Since the scaling dimension of M,¢; is p;—y and only dimen-
sions with real part positive may appear, subsequent application of M, to
a ¢; must produce a homogeneous zero mode of M, after a finite number
of steps. Hence functions ¢; must be organized into towers of descendants
¢, , based at zero modes f; = ¢, o of M, and satisfying the chain of equa-
tions

Mn¢i.p=¢i,p—l, P—_‘l, (513)

The scaling dimension of ¢, , is (o, +yp). Since M? g, ,=0, it follows
that the (p + 1)th time derivative of

'[qbi,p(x)e_rM"(x’ xO) d’x (514)

vanishes so that the above integral is a polynomial in 7 of degree p, in
accordance with the previous reasoning. Note that Eq. (5.12) implies that
the functions v, , corresponding to ¢, , satisfy

Vi p= =0, po1 =My, (5.15)
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Summarizing: the asymptotics of probabilities of the Lagrangian trajec-
tories to get close together is dominated by the towers of slow collective
modes of the super-diftfusion:

P, x/L0,xo)= Y, L7977 ¢, () (1, %) (5.16)

2
p=0,1,.

Since P,{1, x; 0, xo) = P,{1, Xo; 0, x), expansion (5.16) may be also rewritten
as

Pn([a X; O’ XO/L): Z L_Ui_yp(pi.p(lax) ¢i,p(x0) (517)

i
p=01,.

giving the asymptotics of the probabilities of the Lagrangian trajectories
starting very close. The leading term on the right hand side is equal to
Yo,olt, x) = "(x,0) and it corresponds to the constant zero mode
Po.0=So=1.

The above results have an important physical significance for the
dynamics of the scalar. Recall the expression (4.4) for the time-dependence
of the mean value { f, ,, of a function f of scaling dimension o. Inserting
the relation (5.17) to the right hand side of Eq. (44) we obtain the
asymptotic expansion of (), for large #:

t ((e—o}/y)—p
o= Y (> buolXo) [ SOV [T XV d'x (5.18)

The leading term corresponds to the constant zero mode. This term
dominates for large 7 if f f(x) e ™Mu(x,0) d'x #0. However if f'=¢, , then,
as we have seen above, {¢; ,>, x, 18 @ polynomial of order ¢ in z. Conse-
quently, { ¢, (x) ¥, ,(r, X) d'x has to vanish unless ((6,—0,)/y)+g—p is
an integer between 0 and ¢. Hence { /), , for fequal to a slow mode ¢, ,
with a positive scaling dimension is dominated by subleading terms on the
right hand side of Eq. (5.18).

To see the lower order terms'' for a generic scaling function f for
which {f>, .~ 177, it is enough to compare the mean values { /), x, for
two different xo. For example, subtracting (), ,, for two values of x, ,

"' K. G. thanks M. Vergassola for the discussion of this point.
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gets rid of the contribution of the constant mode. Denote by 6, . the
operator which performs the subtraction on functions 4 of xg ,,:
5yo,m,y",'mh=h(y0,m)_h(yé),m) (5'19)

Subtracting subsequently at two different values of x, ,, for m=1,...,n—1,

and setting [T, d, . =9, , We obtain
, \(e—a)/—p
buyit= T (3] G [ OV AED A% (520)

i
p=0,1,.

where the primed sum omits the contributions of the slow modes which do
not depend on all variables. Hence the non-constant slow modes dominate
the relative motion of groups of Lagrangian trajectories starting from dif-
ferent initial configurations. In particular, the relative motion is slower
than the super-diffusive spread of the trajectories. This supports the inter-
pretation of the slow modes as resorance-type objects in the motion of
Lagrangian trajectories. The slow modes depending on less variables
correspond to resonances in fewer-particle channels which drop out under
the subtractions.

6. SOME MATHEMATICS: STRUCTURE OF THE
MULTI-BODY OPERATORS M,

To understand analytically the origin of the asymptotic expansion
(5.16), let us examine more closely operators M,. We shall work in the
reduced space # =L*R%). M, is a positive, unbounded, self-adjoint
operator in . Let

(%[ )(x) = e*Hf(e’x) (6.1)

Operators %, form a unitary version of the l-parameter group of dilations
in o with the self-adjoint operator D, of Eq. (3.14) as its generator:

U, = *Pn (6.2)
%, preserve the domain of M, and
UM, U =e""M, (6.3)

Denote by X,, the natural logarithm of operator M,: X,=In M,. X, is an
unbounded self-adjoint operator on # with the domain invariant under %,
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and the whole real line as the spectrum. The relation (6.3) is equivalent to
UX, U ' =X~ys (6.4)

le., to a strong form of the canonical commutation relation
[D,. X, )=y (6.5)

Since under the Mellin transform (3.15) D, becomes the multiplication
operator by (1/i)(¢ +(d,/2)), X, must be unitarily equivalent to yd, by vir-
tue of the von Neumann Theorem on representations of the canonical com-
mutation relations. More exactly, there exists a one-parameter family
U, o), Re o = —d, /2, of unitary operators in L*(S%~!), unique modulo a
right multiplication by a o-independent unitary operator, such that

(X, )" (0,)=yU,0) 3,0 (o) flo, ) (6.6)

for Re 0 = —d, /2. Equivalently,

(M, )" (0,-)=U,(0) €U (0) fla, ) (6.7)

or, noting that the operator J, corresponds to the multiplication by
—In R, in the language of the original functions,

M,=U,R;"U! (6.8)
where
(U, )" (,-)=U,(0) fla,) (6.9)

This is the promised structural result about operators M,. For the heat
kernels, we obtain

e M=V, e RU ! (6.10)

What is the relation of the expression (6.8) to the representation
M,=R;"N,R " (6.11)

used before, with N, an operator commuting with D,? The comparison of
the two equations gives

N,=RPUR;?U;'R?” or N;'=R"U,R'U-'R7" (6.12)
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Let us suppose that the family of operators U,(s) has a meromorphic
continuation to the complex plane of ¢ with no poles in the strip

d, d, vy
_._< S..__. L .
5 Reo 2—+-2 (6.13)

(this will prove consistent with our zero mode analysis). Then R U, R??
becomes under the Mellin transform the operator

0% (g) e~ % = [, <U + %)

The unitarity of U, for Re 0 = —d,, /2 implies that

Ufo) U(~d,—6)*=U,(—d,—6)* Ujc)=1 (6.14)

and that U~ !(s) also possesses a meromorphic continuation. Operator
R7?UTIR? becomes U;'(o—y/2) under the Mellin transform and
Eq. (6.12) gives rise to the relation

n

]\7_1<a—§>=0,,(a) U - Yo—y) (6.15)

If N7 '(o —y/2) has a pole, see Eq. (3.18), then the simplest possibility
is that either U, (o, —y) is regular and then

1
O(o) =—— /> <&l Unlai =)+ (1) (6.16)
when o — o, or U,(a;) is regular and
1 A
Uno) =——— /<&l Ulo =1 + 0o —a)) (6.17)

with (g;| U6 —y)=0(c—0,). In the last case, multiplying by
U/—d,—6,)* from the left and by U(—d,—d+y)*=0""o—7) from
the right hand side and taking adjoints, we obtain

1
U ~dy—0+7)==—= g /il Ul=d, =G0+ (1)  (6.18)
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ie., relation (6.16) for g, replaced by —d, + y — &, and corresponding to the
twin zero mode g; of f;. We expect the behavior (6.16) if f; is less singular
at the origin than g; and the behavior (6.17) in the opposite case (in
Appendix A, this is established for U,). Rewrite Eq. (6.15) as

Uflo+yp)=N"o+np—3%) Ulo+yp—1)) (6.19)

Assume that N (g, +p(p — 1)) is regular for p=1, 2,..,, (i, that there are
no zero modes of M, (square-integrable on S“~') with scaling dimensions
differing by multiplicity of y. This should hold for generic y. From
Eq. (6.19) for p=1 and from relation (6.16) we infer that

o +y)=—N" <a+§) [f><gil Unlo, =)+ (1)
1 -
=—— 1. ><&l Unloi =)+ (1) (6:20)
g—0;

for ¢ — g;. By induction on p, it follows then that
U.(0+yp)) =——*l¢, <&l Unla,—y) +0(1) (6.21)

where

b p=N7 Yo+ 9 p—1) b, (6.22)

Note that Eqs. (6.22) may be rewritten as the chain of relations (5.13) for
the scaling functions ¢, (x)=R;i*77¢, ,(X) where ¢, o= f; is the zero
mode of M,, of scaling dimension ¢,. By virtue of the assumption that there
are no zero modes of M, of scaling dimension o;+ yp, the tower of des-
cendants ¢, , is uniquely determined'? for each zero mode f;.

For f a test function vanishing near the origin, Eq. (6.10) may be
rewritten as

(e ™) (0, %)
=[5 U3 %, y)j“’ diarte
0
do' A1
X‘I\Reﬂ_*d/2 '7_7'[21 f)(J (6.23)

12 For non-generic  the situation may be slightly more complicated with mixing of different
towers.
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After shifting the o’'-integration contour infinitesimaly to the left we may
perform the A-integral. The inverse Mellin transform of the resulting expres-
sion gives

(e =" f)(R/L)

! do
= — L% | dy R §
yJReaz—dn/z 2ni J § Unlo; %,9)
do’ , c—a A A
X —.[(O'—a)/}’]—'< > 0-F)e'. §) 6.24
L{ea’=—dn/2_o 27i y (U, )", § ( )

By moving the o-integration contour further and further to the right,'® we
obtain from Eq. (6.24) the asymptotic expansion

(e™™f)R/L) = 3 L777"9,,(R) ¥ (6.25)
p=(;.l,...

where the sum is over scaling dimensions of zero modes of M, satisfying
Re o,> —d,/2 and where

‘}7
de’ . ., G, —0d
% (G —a,)/y)—pr< : + >
JvRea': —d, 2 2ni y P
< (U7 ), §) (6.26)

Eq. {(6.25) is an integrated version of expansion (5.16) {at least for y close
to 2, there are no scaling zero modes square-integrable on S%~! with
—d,<Reog;<0 and, as mentioned before, we expect this to hold for all
positive y).

7. LAGRANGIAN FLOW

The study of the statistics of lagrangian trajectories has a long history,
see e.g., refs. 21 and 23. There are, however, some subtle but important
points which, to our knowledge, have not been stressed before and which

13 Note that the poles of the /-function do not contribute.
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the above discussion of the motion of fluid particles allows to clucidate.
When stating that, for m, k=0, P,(1,x;0,x,) is the joint p.d.f. of the
differences of the endpoints of »n Lagrangian trajectories, we have silently
assumed that such trajectories, or at least their differences, make sense as
random processes defining the Lagrangian flow on the probability space of
v's. A straightforward consequence of such an assumption is the relation

Pn([’ X; Oa xO)lxo,k=x0,k+1: =x0‘n=Pk(t9 X’; Oa xl()) H é(xin) (7-1)

i=k

where x' =(x,,.., x;) and similarly for x3. Eq. (7.1) expresses the elemen-
tary property that the joint p.d.f. of coinciding random variables is concen-
trated on the diagonal. In particular, P,(t, x; 0, 0) should be proportional
to the d,-dimensional delta-function. But the heat kernels e ~*#(x, x,) do
not have this property at least for y close to 2 and, expectedly, for all y> 0.
Instead they are regular when x, — 0. How exactly P,(1, x; 0, x,/L) fails to
become the delta-function when L goes to infinity is described by the
asymptotics (5.17) dominated by the slow collective modes of the stochastic
evolution of the Lagrangian trajectories. Hence, even if all joint p.d.f’s P,
of the differences of Lagrangian trajectories make sense as given by the
m, k =0 heat kernels ¢ ~"*x(x, x,), the differences of Lagrangian trajectories
do not exist as random processes for y>0. Note that for x positive we
should not expect the behavior (7.1) since the Brownian motions starting
from x, ; are different for different i’s even if they wiggle around the same
Lagrangian trajectory. The system behaves as if the wigglings were present
even for x =0 (see more on that below).

The y =0 and m, x =0 case will be analyzed in Sects. 8 and 9 and was
previously considered in refs. 19, 25 and 26 to ref. 12. The p.d.f
Py(t, x; 0, xg) ="M (x, x,) of the difference x,,(1)=x(¢) of two
Lagrangian trajectories may be easily computed in this case and the result
is the log-normal distribution(% 819

P,(1, x; 0, x4) = g —(L/(4D0))(In(r/re) — 1Dd Yy

—pd% %) (7.2)
47 Dt p(a+1d—1) X £o)

where r=|x|, £=x/r and similarly for ry, £,. k£, £5) denotes the heat
kernel on the unit sphere in ¢ dimensions and it drops out in the rota-
tionally invariant sector. The most important consequence of Eq. (7.2) is
that 1/t In(r/r,) is a Gaussian variable with covariance 2D/t tending to zero
at large times and with mean Dd. The mean gives the Lyapunov exponent



Slow Modes in Passive Advection 545

ie., the rate of exponential growth in time of the distance r between the
Lagrangian trajectories. Note that

rPy(t, x; 0, xo) dx =r§ ePotd+ o) (7.3)
0

which should be contrasted with the super-diffusive behavior for y >0
described by Eq. (4.6). More generally,

[ £6) P, %0, xo)

—(1/(4D1))(u — tDdY? ¢ % ¢
g ~WAPNu—tD Y v vpd—1y A%, Ro) dudft  (7.4)

=[ nerot s

For any test function f and for fixed ¢, the right hand side tends to f(0)
when ry — 0, in accordance with the relation (7.1) and unlike for y > 0. As
it is easy to see from the above integral (or from Eq. (7.2)), the concentra-
tion of the p.d.f. P,(¢, x; 0, x,) within r S is visible if # >> e¢’?%,. For later
use, note that for a small but non-zero r, and for a rotationally invariant
test function f,

{f(x) Py(1, x; 0, xo) dx

t
=ff(e‘“ro) {De—"/(‘”’)"“—”d)’du——ﬁtm (7.5)
W

The approach of refs. 6 and 8 was based on the observation that at
y =10 the 2-point function of the velocity differences becomes

0%y, xy) = 01 x2))0P(2y, X)) = VP(1g, X3)))

D
=20T15(112) [(d+1)6%x); - X1, — xT,x 8 — x5 xF, (7.6)

In particular, the first derivatives of » have space-independent correlations.
In other words, we may set

o(t, x) — (2, x,) = X(1) x5 or 0,01, x) = X*(1) (7.7)
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where X*%(1) is a Gaussian process with values in traceless matrices with
mean zero and the 2-point function

(X(1) X% (s)> =2 d—lj—l S(t—s)[(d+1) 8% 57 — 62 P — 5 5P (7.8)

obtained by differentiating twice the right hand side of (7.6). It is easy to
check directly that the above covariance is positive and that it is invariant
under the adjoint action of O(d), i.e., that X and kXk~' have the same
covariance for ke O(d). Egs. (7.7) are equalities between Gaussian pro-
cesses. Physically, they mean that for m =0 and y = 0 the velocity flow acts
as a uniform, volume preserving strain and rotation, as far as the relative
motions of fluid particles are concerned. The difference of two Lagrangian
trajectories x,,(#) = x(¢) should satisfy the linear (stochastic) ODE

dx=X(1) x dt, x(0)=x, (7.9)
with a solution given formally by
x(t):gt,toxo (710)

where g, , is the time-ordered exponential of an integral of independent
matrices,

g, =7 X (7.11)

of the type similar to the ones that appears in the theorems on products of
independent equally distributed matrices""” or in the one-dimensional
Anderson localization."'® The point is that g, , may be defined as a ran-
dom Markov process (a diffusion) with values in SL(d). It has three basic
properties:

l. g, and g, .. have the same distribution,
2. 86,081, 60= 81p, 1 3:C:

3. 8., is independent of g, , if (to, 1) N (15, ') = .

To define such a process, it is enough to give the (transition) probability
distributions p,_,(g) dg of g, , (dg denotes the Haar measure on SL(d))
satisfying the composition law:

[ pdg) ple= 1) dg=p,.lh) (7.12)
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The SO(d)-invariance of the Lie-algebra-valued process X imposes also the
relation

pilkgk=')=pg) (7.13)

In Sect. 8 we identify p, with the heat kernel of a certain operator on
SL(d).

The net outcome of that analysis is that for y =0, unlike for y > 0, the
differences of Lagrangian trajectories x;(7)=g, , X, ; are well defined
random variables. In particular, the knowledge of p, is all that is needed to
compute the joint p.d.f’s of x;(7):

[Paex0.x0 0 @x=[ pis) flgxardg (714

for translationally invariant f. In fact, the above integrals uniquely deter-
mine p,.

One of the consequences of the relation (7.14), closely related to the
property (7.1), is that, for y =0, the stochastic evolution of the scalar T
defined by the m, x =0 flow preserves the Gibbs measure formally given as
e’ ITzDT/normalization. Indeed, the 2rn-point function of the scalar in
this measure is

yGibbS(x) _ (2’1)'

n _22nn|ﬂ,,yé(xlz)é(xs‘t)"‘5(X2n—1,z,.) (7.15)

(the odd functions vanish). But Eq. (7.14) implies the relation
[ Panlt, %3 0, x0) F 5%(x,) d'xq = F F%5(x) (7.16)

i.e., the time invariance of the Gibbs measure correlations for y =0. This
should be contrasted with the behavior for the y > 0 case where the flux of
the scalar energy towards high wavenumbers destroys the invariance of the
Gibbs measure, see ref. 14, For y=0, the invariant Gibbs measure is
nevertheless unstable under perturbations, as follows from relation (7.5).
It has also little to do with the x — 0 limit of the stationary state of the
scalar obtained in the presence of large scale forcing. The latter will be con-
structed in Sect. 9.

The mathematics of the difference between the y=0 and y >0 cases is
simple. Eq. (2.8) requires that v(z, x) be Lipschitz in x for the uniqueness
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of solutions.!* But the Gaussian v-measure with 2-point function (3.4) lives
on v’s which are Holder in x with exponent (2 —y}/2 (modulo logarithmic
corrections) but not Lipschitz, except for y =0 where the velocity differen-
ces become smooth, as we have seen above. Hence, one should not expect
uniqueness of Lagrangian trajectories even if the probabilistic description
of them may be maintained but with violation of the property (7.1). Physi-
cally,'’ the velocity covariance should be smoothed on the dissipative scale
n due to viscous effects so that it behaves as ~ Dy~ for r <7, e, like
the y =0 covariance with D increased to Dy ~?. The Lagrangian trajectories
diverge now exponentially in time as long as their distance is <<#. Note,
however, that for arbitrary small but fixed r, = |x,| one never sees concen-
tration of the p.d.f. P,(1, x; 0, x,) on scales smaller than # if # Se®" r,,
i.e., for # sufficiently small. This explains in more physical terms why rela-
tion (7.1) fails when 5 — 0 for y > 0. The exponential divergence of trajec-
tories closer than n makes it impossible to maintain the concept of
(differences of) individual trajectories in the inviscid limit # — 0. Instead,
we should talk about the v-dependent p.d.f. P(7, x; 0, xy|v}) whose average
over the velocity ensemble reproduces P, (¢, x; 0, Xo). It is worth noting that
for positive diffusivity s, when the deterministic equation (2.8) should be
replaced by the stochastic ODE (2.9), although the problems with the non-
uniqueness of the solutions persist, there exists a rigorous probabilistic
treatment'S allowing to define uniquely the transition probabilities
P,(1,x; 0, Xq|v) for Holder continuous velocities.*” Qur analysis calls for
an extension of such a treatment to the x =0 case.

8. ADVECTION BY SMOOTH VELOCITIES AND
HARMONIC ANALYSIS

When y=0 and m, x=0, the Kraichnan model becomes exactly
solvable as we will show now. That simplifications occur in this case has
been noted before, see refs. 24 and 25 to ref. 10. Our analysis is based on
some observations by Shraiman and Siggia.®*?® As was noted in ref. 24
and in ref. 26, for y =0 the model has extra symmetries. The operators M,
can be expressed in terms of the quadratic Casimir operators correspond-
ing to an action of the groups SL(d) and SO(d) on the correlation func-
tions. Let us explain what this means.

The group SL(d) of real matrices of determinant 1 acts on functions
f on R? on the left by (Lgf)x)=f(g 'x). The infinitesimal form of this

14 Recall the existence of two solutions with vanishing initial condition: x = ((y/2) 1)¥" and
x =0, for the equation x = x?~ 72,

5 K. G. thanks G. Falkovich for a discussion of this point.

16 We thank G. Eyink for pointing this out to us.
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action is given by (d/dt)|,_oLuf = A*H,; f where A is a traceless matrix
(ie., in the Lie algebra of SL(d)) and the generators H,; are

1
Hoz =—Xaaxﬁ+35aﬁxyaxy (8.1)

Similarity, on functions of » R variables (x,,.., x,)=x, we have the
(diagonal) action

(L f)(x) = flg~"x) (8.2)

with generators Hys=3,(—x; 0,4+ (1/d)J,5x]0,2). The quadratic
Casimir of SL(d) is in terms of these generators

HZZZHaﬂH/;a (83)
« B

The generators of the action of the SO(d) subgroup are J, ;= H,3 — hy, and
the corresponding quadratic Casimir is

F=—1YJ% (8.4)
o B

The observation of Shraiman and Siggia was that when y,m=0 in the
velocity covariance d* (3.3), the operator M, =Y, ,d*¥(x;—x) 0 axf
becomes

M,,=E?—1[(d+l)J2—dH2] (8.5)

By definition of the action (8.2), the same formula holds also when we
express M, in terms of the n— 1 difference variables. In particular for M,,
the Casimirs H? and J? correspond to the action of SL(d) and SO(d) on
functions f(x) of the difference variable x=x,,. In this case, we may
diagonalize H? by the Mellin transform f(x) — f(o, £) = f&r=o7frg) ar:

d—1 A
(H)" (G,f)=—d~6(0+d)f(0,f) (8.6)
with Re o = —d/2. It follows, in particular, that the spectrum H? acting in
L*R% is 1—o0, —d(d—1)/4] and that of M, is [ Dd*/4, «o[. Denoting
e~ =k,, we obtain

822/90/3-4-3
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Jf(X)C”MZ(x, Xo) dx

do o
PP P D d A
:Lz d/22—7lijo drfdxr TSR rge ot )kD(dHW,l),(x, Xo)
eag=—d
— ro dr f d3 f(rf) _ L e~ @Dninirg - ay
o r J4nDt
Xk pea+ vya—1 A% Lo) (8.7)

where we have performed the Gaussian integral over o. The result (7.2)
readily follows. Taking f(x)=%.(r)=%(r/L) with 4 the rotationally
invariant forcing covariance, we obtain by integrating over ¢ the expression
for the 2-point function of 7" at y=0:

P, (X)) = (M1 4,)(x)
_ L dp 40, .
~Dd <£ E(p/L) ) +r fo E(p/L) p d/)> (8.8)

Clearly % ,(x) is smooth for x #0 and

P x)= ~—(6D(—g,)ln(r/L) for small r (8.9)

Py (x)~(r/L)~¢ for large r (8.10)

In order to solve Egs. (2.23) for the higher-point functions of T we
need a representation for the Green function M !, This is obtained by
relating H? and J? to the Casimirs #2 and #2 of the left action of SL(d)
and of SO(d) on functions F on SL(d), given by (%, F)(h) =F(g~'h), or in
the infinitesimal form by (d/dl)|,_oLuF = A"#,,F. Note that #,, are
skew-adjoint in the regular representation and that

d+2 d
(d+1) g2 —d#?= - Y (y/;ﬂﬂ%;,u)z—z Y ( Aoy + Hpy)? (8.11)
@ f o« B

is a positive elliptic operator in L*dg). In particular, it has the heat kernel

Ji’,'(g, h)Ee—t(D/(d—l))[(d+1)12_dx2](g’ /’l) (8.12)
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satisfying j%ﬁ(g, hydh=1 and g, h)=x kg, kh)=X,gg', hg') for
keSO(dyand g' e SL(d) A351gn to a translationally invariant function f{x)
and to x a function F, (g)= f(gx) on SL(d). The linear map f+ F inter-
twines the two actions of SL( ):

(Lo S )hX) = (%, F,)(h) (8.13)

It follows that

fe"‘M"(gX»y)f(y)d’y=ff,(g, hy f{hx) dh (8.14)

Comparing the above relation to Eq. (7.14) we conclude that
pAhg™"y=H\g, h) (8.15)

Clearly the basic properties (7.12) and (7.13) of the p.d.f. p, follow. In other
words, we may identify g, , as the diffusion process on group SL(d) with
the generator equal to (Df(d— IN[(d+ 1) #£2~dx#?].

Integrating the relation (8.14) over ¢ we infer that

[ M exy) fy)d'y = [ @(g, h) fihx) di (8.16)

where ¥ is the integral kernel of ((D/(d—1))[(d+1) #*>—dx#*])~". Applying
iteratively identity (8.16) to Eq. (2.23) we end up with the expression

Foa(x ZFZ,, (8.17)

where the sum runs through all ordered pairings p = ({i;, j} . {iys Ju} ) Of
{1.-2n}, u,=(x; x; ;) and

By

Fy(u jn G(g, 1, &) blgu,)dg;

i=1

=f H F(gi_1, &) Ggu,) dg, (8.18)

where go=c¢ and 9(g, h)=[sowu, 9(g. kh) dk. The last equality follows
by substituting g, = k,g,, g, =k kygy, g,=k, - k,g, and using
Y(kg,, kgo) =9(g1, g2) and Glkx)=E(x).
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The final reduction consists of identifying ¢ with the Green function
of the Laplace-Beltrami operator 4 on the homogeneous space H,=
SL(d)/SO(d). By definition, 4 coincides with the Casimir 12 if we view
functions on H, as functions on SL(d) right-invariant under the action of
SO(d). Assign to a function f on H, the function g flg)=flg~ ")
Cleatly f(kg)=f(g) and (&, f)h~')=flhg)=(Af)(h), ie, the map
'+ fintertwines the action of SL(d) on the functions on H, with the right
regular action of SL(d). Since the quadratic Casimirs of SL(d) in the left-
regular and in the right-regular representations coincide and #2 vanishes
in the action on f, we infer that

=2d(Af g™ )= —d( AT Ng) =([(d+ 1) #2—dH#?] f)g) (8.19)

and that
jG(g~‘, By fih) dh:j Glg. h) Ty dh=[ G(g.n) Fimydh  (8.20)

where the function G(g, h) on H; x H, represents the kernel of the operator
(—D'4)~" where D'=(2Dd/{(d—1)). Thus % g, h)=G(g~ ', h~') and
Eq. (8.18) becomes

Glgi—1» &) (g(gflui) dag, (8.21)

.

Foulu) = |

i=1

Every matrix g e SL(d) can be uniquely represented as a product (the
so called Iwasawa decomposition) g = nak where k € SO(d), n is upper tri-
angular with 1 on the diagonal and « is diagonal with positive entries. Thus
one may parametrize the cosets gSO(d) by na. For d=2 we may write
a=diag(y'? y~'2), y>0,n=(} ¥), xeR. The Haar measure dg becomes
dg = y~? dx dy dk. The homogeneous space H, may be identified with the
upper half-plane H={z=x+iyeC| y>0}. The action of SL(2) on H is
given by the Mébius transformations (¢ 3) z = (az + b)/(cz + d). Since ki =1,
the identification maps the coset gSO(2) to gi=rnai. We shall denote
na=g(z)=(%" " "%). The SL(2)-invariant measure on H is dv(z)=
y~?dx dy and the Laplace-Beltrami operator becomes

4= y*03+02%) (8.22)
The Green function G is given by the explicit expression:

P ()’
16D (x—x)+(y—y')?

G(z, Z') (8.23)
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Eq. (8.21) may now be rewritten as

Fotw) = [ T1 Gl 120 6tz ) dviz) (8.24)

i=1

with o=/ In Appendix B we study the integrals (8.24) in more detail. In
particular we show that the leading singularities at coinciding points of the
correlation functions of 7" are given by a Gaussian expression, a sum of
products of 2-point functions, confirming the analysis of refs. 1 and 6.

For the dimension ¢ > 2 one can proceed analogously. In the Iwasawa
decomposition we parametrize n by the off-diagonal entries, x,,
a=1,.,(d*>—d)/2, and writec a =¢%, ¢ =diag(d,,.., ¢,) with 3,¢,=0. The
Haar measure becomes in these variables

dg =% (6= 9 ﬂ d, ﬂd\ dk (8.25)

i=1

G is (proportional to) the Green function of the Laplace—Beltrami operator
4 on SL(d)/SO(d). Explicitly, for d=3 write ¢ =3adiag(l, —1,0)+
$f diag(1, 1, —2). Then

A=e* +e* 12 +ef 7%, +x,0,)° +05+30;  (8.26)

and dg =e > #du dp dx, dx, dx, dk. There does not seem to exist a very
explicit expression for G in d> 2. However, the singular behavior of %,
can be extracted again, see Appendix B.

Let us end this section by deriving the formula for the Lydpunov
exponents of the Lagrangian trajectories, previously found in ref. 12 by
path-integral techniques. In ref. 24 it was observed that M, may be also
expressed using the quadratic Casimir of the action of SL{n— 1) with the
generators

G~= —x% ax'a

i P 0, X5, O (8.27)

xi

—1

for 1<i, j<n—1. This action corresponds to the natural action of
SL(n—1) on the i-index of x, =x,— x,. Denoting by G the quadratic
Casimir Y, ;G;G; and by A the generator of dilations x} 0, one
obtains*

d—1 n—1
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Let p denote the volume spanned by vectors x,,, i=1,..,n—1, describing
the time ¢ differences of the Lagrangian trajectories starting at time zero
from points x,:

P=~ deti,j(xin ' xjn) (829)

We would like to find the p.d.f. of p. Note that for a function f{(p),
_ (d—n+1)D
(d—1)n—1)

(n—1d—n+1)D
B d—1

M, [(p)= A(A+d,) f(p)

PO p0d,+d) flp) (8.30)

This follows from Eq. (8.28) since p is SL(n—1)- and SO(d)-invariant.
Hence M, preserves the space of functions f(p). Also

[ 121 TT dx,y = const. J:’ Lf(p)I? p?= L dp (8.31)

where const.={d(p—1)[],dx,. Hence M, in the action on f(p) is
diagonalized by the Mellin transform f(p)— flo)={2 p=~"f(p)dp
(unitary for Re ¢ = —d/2):

—1)(d~ D \
(M, )" (o) = 2 )(d_f“ o(a+d) f(o)

= — D(n)o(a +d) f(o) (8.32)

As in Eq. (8.7), we obtain
ff(p) P,(1,%;0,x0) d'x
:fw @f(p) L emenm o -y (g33)
o p J4nD(n) t

Hence (1/¢) In p is a Gaussian variable with covariance 2D(n)/t tending to
zero at large times and with mean D(n) d which, by definition, is the sum of
the (n — 1) largest Lyapunov exponents describing the effective separation of
n Lagrangian trajectories. We infer that the nth Lyapunov exponent is

dy=(D(n+1)—Dn)d=3d-2n+1)D (8.34)
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with d exponents equally spaced and symmetric with respect to the origin,
confirming the result of ref. 12.

9. QUADRATURE OF THE y=0 CASE

Let us explicitly construct the stationary state of the passive scalar
advected by smooth Gaussian velocity with 2-point function (7.6). Relations
(8.17) and (8.21) allow to write a compact expression for the generating func-
tion of the y = 0 theory:

¢(X)E<eifX(X)T(x)dx> — OZO: (_l)n

= (2’1)' gJan(up)I:Ix(x,.) dx,. (91)

Noting that all pairings give the same contribution to the x; integral and
that there are (2r)!/2" of them we get

n

o)=Y (=1 ]
n=0 i

G(gi_1, &) V,(g) dg; (9.2)
1

where

V(g) =4[ (g™ x = 1) xlx) (y) dx dy (9.3)

is a non-negative function on H, bounded by ¥ ,(e) =3%(0)({ x)> Eq. (9.2)
may be rewritten in the operator language as (D' =2Dd/(d — 1))

[e o) 1 n
D(x)= ), (=1)" [<—,VX> l] 94
w=3 =] (=57 (e) (9:4)

The sum on the right hand side involves the Neuman series for the
operator (—D'4+ VX)“I, ie., for the Laplacian on H, perturbed by a
potential. Resumming the series we obtain

D()=1—-[(=D'A4+V,)"" V, e) (9.5)

which is an explicit expression for the characteristic functional of the
stationary state of the y =0 Kraichnan model.
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Let us see that the right hand side of Eq. (9.5) makes sense. Using the
Feynman-Kac formula expressing the perturbed heat kernel as an expecta-
tion E,(-) with respect to the Brownian motion on H, with transition
amplitudes e ~P4(g, k), starting at time zero at g:

e—H~DA+ Vx)(g, h) = Eg(e—jf) V(h(s)) ds Suh(1))) (9.6)
we infer the bounds

0<e TP TI(g h)<eP g, h), (9.7)
0<(=D'a4+V,) " (g h)<G(g h) (9.8)

Since
[(=D'd+V,)~' V,](e) :f(—D'A +V,)" (e h) Vi(h)ydh  (9.9)
it follows that the latter integral is bounded by the smeared 2-point function
[ Gle.ny vhy an =4 [ Fxi) ) gl dxydxy, — (9.10)

which is finite for test functions y e.g., from the Schwartz space &(R¥), see
Eq. (8.8).

@ defines a continuous positive-definite functional on &(R?). The
continuity of @(y) w.r.t. ye #(RY) is easy: it follows by the Dominated
Convergence Theorem from the Feynman-Kac representation of the per-
turbed Green function:

(=Da+ V)" (g =[" i ELehEEDE5,))) (911

0

The positive definiteness:
Y Ak @ty —25) 20 (9.12)

is a little bit more complicated. Let us sketch its proof. Define first the
positive definite characteristic functional

@, (y) = (eI Tt x =) dxy, (9.13)

of the time 7 (quasi-Lagrangian) state of the scalar where T(t, x)=
{6 /(s, g1 x)ds is a functional of the forcing f and of g,,. The above
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expression for T(1, x) is obtained for the initial condition vanishing at
to =0 in Eq. (2.4). The expectation in (9.13) is w.r.t. the Gaussian measure
of the forcing and w.r.t. the measure of the diffusion process g, ,. It is easy
to see that | 7(s, x) y(x) dx is square-integrable with respect to these
measures. Performing the integration with respect to f, we obtain

B (x) = (e TV doy (9.14)

The remaining expectation over g, ; is easy to calculate by expanding the
exponential (the resulting series of expectations converges absolutely for
finite ¢). The result is

O =1=[ [ =24V, )(e) ds (9.15)

Using the bound (9.7), it is easy to see that @,(y) converge to &(y) when
t — oo, Hence the positive definiteness of @. Note that Eq. (9.15) may be
rewritten by integration by parts and the Feynman—-Kac formula (9.6) as

D,(y) = [e—t(~D’A+ o e)= Ee(e_% Vx(h(s))ds) (9.16)

which follows also directly from Eq. (9.14) if we notice that the diffusion
process s+ g, ,_, on SL(d) projects to the Brownian motion on H,. The
resulting alternative expressions for @:

d(y)= lim fe"“”"’“’x’(e,h) dh=E (¢~ 10 Vithio) dsy (9.17)

t— o0

relate @(y) to the long time behavior of the diffusion on the homogeneous
space H, in the presence of a positive potential ¥, or to the low-energy
properties of the Schrddinger operator —D'4+ V,. They imply that
0<®(y)< 1. Expressions (9.17) may also be obtained directly in the
Martin-Siggia—Rose (MSR)? formal functional integral approach.

By Minlos Theorem, the normalized {®(0)=1), continuous, positive-
definite functional @ on “(R?) given by Eqs. (9.5) or (9.17) defines a
unique probability measure du on &'(R?) s.t.

cb(x):fe"‘”””‘("’“‘dﬂ(T) (9.18)

du is the stationary state of the Kraichnan model for y=0 alluded to in
Sect. 7. It is quite different from the Gibbs measure and quite non-Gaussian
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and is, indeed, supported by distributional configurations of the scalar
since the correlation functions

FolX) = [ T0r1) -+ Txs) (T (9.19)

diverge logarithmically at coinciding points. The measure dui contains all
the joint p.d.f’s of smeared scalar values § 7(x) y(x) dx. In particular, the
function p— @(py), is the Fourier transform of the p.d.f. p,(0) of
j T(x) y(x) dx whose behavior was studied in ref. 10, see also refs. 6, 8, and 25.

@(py) is a pointwise limit of the finite-time functions @,( py) which are
entire in p. For Re p>> —b% b >0,

1B,(p)| <D +iby) =Ee(eb2ﬂ) V,(h(s)) ds) :Jet(D'A+b2Vl)(e’ h) dh

t
= 1+07 | ds [ AP 450, h) V (k) (9.20)

0

The Schrédinger operator —D’'A4—5b*V, with a negative potential may
develop bound states. The right hand side of the inequality (9.20) grows
with ¢ since the expression under the integrals is positive. If e, =
inf{spec(—D'4—b*V,)} <0 then the growth is unbounded since
P A+PV(o hy~e % for large s. On the other hand, for e,> 0 the right
hand side of (9.20) would be bounded uniformly in 7 if V, were of compact
support on H,. V,, however, does not have a compact support as a func-
tion on H, even if ¥ and y do (if they do not vanish identically). It is,
nevertheless, easy to see from the definition (9.3) that V, vanishes at
infinity of H,, i.e., that it gets arbitrarily small outside sufficiently big com-
pact subsets of H,. This is enough to assure a uniform bound for the right
hand side of (9.20) as may be seen by the following argument which
separates the behavior at infinity of H, from that in the interior. Write
V,=V,+V, where 0<V, <V, and V) has a compact support. By the
Holder inequality,

Ee(ebz §0 Vi (h(s)) ds) < Ee(e(l +2) B2 § Vi(h(s)) ds)l/(l +e) Ee(e((l +2)/e) b2 fo Vilh(s)) ds)s/(l +e)

(9.21)
If we choose ¢ small so that for o' =(1+¢)"*b the relation e, >0 still
holds then the first expectation on the right hand side of inequality (9.21)
is bounded uniformly in ¢ (e, increases with decrease of V). Choose the
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support of V', so that ((1 +¢)/e) b*V’ < vy < (Dd?*/4) where v, is a constant.
Then

Ee(e((l +e)/e) B2 () Vi(A(s)) a‘s)

1
<1 +‘ﬁb2j ds [ e=4=0(e, h) V() dh
& 0

1 t
=1 -}—%b2 L dsje_s(Ml_”O)(xlz—y)

XG(y) x(xy) x(xy) dx, dx, dy (9.22)

and the last expression is bounded uniformly in ¢ as may be easily seen
from Eq. (8.7).

We infer that @(py), as a limit of uniformly bounded analytic func-
tions, is analytic in p for Re p?> b2 but has a singularity at p = +ib, where
by is the positive number s.t. ¢, =0. The Cauchy bounds imply now that

P
dp” 1+ |pl”

in any strip |[Im p| < b, —¢ for £ > 0. Note also that lim, _, ., ?(px) =0 by
virtue of Eq. (9.17). Since

1 .
PAO) =5- e PP(py) dp (9.24)

it is easy to show integrating by parts few times and moving the p-integra-
tion contour to Im p= +(b,— &) that p,(6) is smooth except, possibly, at
# =0 and that

p(0) < const(e) e ™o)1l (9.25)

for |8} = 0(1) and any positive &. Clearly, the same inequality fails for
negative ¢ since it would imply analyticity of ®(py) at p = tib,. In short:
the p.d.f. p,(6) of j T(x) y(x) dx has an exponential decay for large |8| with
the rate b, equal to the value of b at which the ground state of
—D'4—b*V, crosses zero energy. Note that the rate by, as related to a
bound state ecnergy is not, in general, a semi-classical quantity.

For rotationally invariant y which, for simplicity, we shall normalize so
that { y = 1, our operators on H ,reduce to the ones on the double coset space
SO(d)\SL(d)/SO(d). This space may be identified with the Cartan algebra of



560 Bernard et al.

SL(d) divided by the action of the Weyl group and may be parametrized by
the diagonal matrices diag{¢,,.., ¢,) with entries ¢, < --- <¢, and s.t.
3 ¢;=0. In this parametrization, the Schrodinger operator —D'4 + b*V,
becomes the Calogero-Sutherland Hamiltonian®*2® with a potential:

, l d2 l d(dZ_l) 2
D<_§;E$?_Z.4sinh2(¢j—¢i)+ 24 >_b Vi) (5.26)

i<j

acting in L3¢ ' dé;). The constant d(d?— 1)/24, equal to the half length
squared of the Weyl vector of SL(d), is the infimum of the spectrum of
—A® 5o that e,>=(D'd(d*>—1)/24)—b*V (0). Note that, for d>2,
d(d*—1)/24 is higher than the infimum of the spectrum of —3H? acting in
L*(R?) since, as pointed out in the remark after Eq. (8.6), the latter is equal
to d(d—1)/8. This discrepancy is due to the appearence of different
irreducible representations in the decomposition of the actions of SL(d) in
L*(H,) and in L*R?) for d >2 and it will play an important role below.
When the forcing covariance 4(r) is essentially constant for »r <L and is
falling off to zero for r > L (e.g., for €(r) replaced by %,(r) =%(r/L)) then
the potential —b?V, approaches for L — o a constant equal to — 36°@/(0)
so that for large L we obtain 163%(0) = (D'd(d*—1)/24) or

., [Dld+1)
by =d “6600) (9.27)

Note however that although b, stabilizes when L — oo, the right hand side
of Eq. (9.20) tends to e(/2 #*¢©® and blows up with 1.

The exponential decay of the scalar p.d.f. for y =0 in the isotropic two-
dimensional situation was first found in ref, 6, see also ref. 25 for a discus-
sion of the non-isotropic case. The calculation of ref. 6 was extended to
higher dimensions in ref. 8 Both calculations were reinterpreted in ref. 10
within the semiclassical approach. Our rigorous result about the decay rate
bo of p (0} disagrees for d> 2 with the result of ref. 8 and with the instan-
ton calculation of ref. 10, These papers obtain the value by=d ./ D/2%(0)
for the decay rate which is smaller than b, for d > 2. The point is that in
refs. 6 and 8 the function V,(g) of Eq. (9.3) was replaced by V. (g)=
1€(g~"'x) with fixed x # 0. This simplifies the calculation of the expressions
of Eq. (9.17) since only the distribution of g, ,x for one x is needed. They
become

@ = E (e 0 o dsy — |im | e~ M2k yydy  (9.28)

t— oo vRY
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and lead to the quantum mechanical problem analyzed in refs. 6 and 8.
Upon the replacement of V, by p?V, one obtains a function @' (p) whose
first singularity off the real axis is at p = +ib with b s.t. the ground state
of M,—1b*6 crosses zero energy. Since the spectrum of M, starts from
Dd?/4, see the remark after Eq. (8.6), we indeed obtain, for ¥ =%, and
large L, the exponential decay rate by for the Fourier transform of @&’ .( p).
The technical reason for the discrepancy with our exact calculation is that
V.(g), unlike its smeared version V,(g), does not vanish at the infinity of
H, and leads to a more singular behavior of the right hand side of
Eq. (9.20). Another way to see it'” is that &/ is given by a version of
Eq. (9.1) with { I'T x(x,) dx; omitted and with F,,(u,) replaced by the parti-
tion-independent contribution F,,(x,.., x) corresponding the collinear
configuration u, giving the most singular behavior when u,—0 (see
Appendix B). The smearing in Eq. (9.1) makes this behavior more regular.
Our result persists, however, also if we replace V,(g) with 17,,,(g)=
3§ €(g'x) Y(x) dx, if Y and € are non-negative function from F(RY),
since 17,,,(g) still vanishes at infinity. In particular,  may vanish around the
origin which shows that it is the smearing of collinearity, not the inclusion
of coinciding points, which is responsible for the discrepancy between b,
and by. The lesson is that the correlation of (non-collinear pairs of)
Lagrangian trajectories renders the smeared scalar less intermittent in more
than two dimensions and should not be neglected.

It is easy to see that &(py) decays exponentially for large real p.
Denote by 7 the first exit time of the Brownian motion on H, from a fixed
neighborhood of e. The probability of a given value of 7 is bounded by
e ~omtT Since VEL‘,"’ V(A(s)) ds = const. 7, the conditional expectation
Ee(e_”let) is bounded by e~comst?" Hence the exponential decay of
E(e~"V)y < [@ et P+ /0 g7 A more exact description of the decay
follows from the path-integral integral representation of the expectation
(9.17). The latter implies that the large p behavior of @(py) for real p,
unlike the large 6 behavior of p, (), is semi-classical:

@(px) ~ e!pl Ste(-)) (9.29)
where [0, co] — g(s) describes a trajectory (instanton) in H, minimizing

the action

w /]
Sty = [ (55 1o+ Vg ) ds (9:30)

17 We thank M. Chertkov for suggesting this interpretation.
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for fixed initial value A(0)=e (with |.|? standing for the SL(d)-invariant
metric on H ;). This is the same instanton as in the field theoretic MSR
analysis of ref. 10. For rotationally invariant y, the problem reduces to the
one on SO(d)\SL(d)/SO(d) with the action

w ¢ ]
SN =] <§ﬁz¢i(s)2+ Vx(qbf(s))) ds (931

and with the initial value ¢,=0. In d=2 the minimal value of S is

\/%f SV A6) dp >0 (9.32)

where ¢ =¢,—¢,. For €(r) approximately constant up to r=L, V (4) is
approximately constant up to ¢ =In L and then it decays to zero like
~e~ %2 Consequently, the exponential decay rate of &(py) is

approximately In L /%(0)/2D for large L, in agreement with refs. 6 and 10.
For d> 2 and large L the minimum of S is attained on the trajectory which

in the region of constant potential goes in the direction ./1/d(d—1)
(—1,.., —1,d—1) and the value of the action is again x~In L ./%(0)/2D up
to lower order terms, as pointed out in refs. 8 and 10. The exponential
decay of @(py) implies that p,(0) is smooth also at zero.

10. CONCLUSIONS

In this paper we have analyzed the stochastic dynamics of Lagrangian
trajectories for Gaussian, time-decorrelated random velocity fields con-
sidered in the Kraichnan model of passive advection. We found that the
dynamics is characterized by two related phenomena. First, the Lagrangian
trajectories loose in the limit of high Reynolds numbers the deterministic
sense for a fixed velocity realization due to their sensitive dependence on
initial conditions. Second, their relative stochastic dynamics is dominated
by slow resonance-type modes. The slow modes determine the average
characteristics of the spread of Lagrangian trajectories responsible for the
loss of their deterministic character. Both phenomena were essentially due
to nonsmoothness of the typical velocitics signaled by fractional Holder
exponents in their spatial dependence. Since the turbulent velocities are
nonsmooth in the limit of high Reynolds numbers, we expect the two
phenomena to persist for more realistic velocity ensembles and to continue
to be responsible for the anomalous scaling, at least for that of passive
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scalars. For the spatially smooth velocities, we calculated the Lyapunov
expouents describing the sensitive dependence of the Lagrangian trajec-
tories on initial conditions for distances smaller than the viscous scale.
Using harmonic analysis on the symmetric spaces SL(d)/SO(d) we also
obtained in this case an explicit form of the characteristic functional of the
stationary state of the passive scalar and exhibited an exponential decay of
the p.df’s of smeared values of the scalar relating the decay rate to the
properties of the ground state of the Calogero-Sutherland Schrédinger
operator with a potential.

APPENDIX A

We shall make explicit the structural result of Sect. 6 for the heat ker-

nel e ~**(x, x,). In the angular momentum /=0, 1,... sector,
D D l -
M,=M,(I)= —7_—16,r"+“’6,+%—y—)1(d—2+1)r‘y (A.1)

which is a positive operator in L2(]0, o[, r*~! dr). The generalized eigen-
function of M,(/) corresponding to eigenvalue £ >0 involves the Bessel
function

(/,E(,):ry—d/z]vl@%lz ,‘7/2> (A2)
where
1 d+1—

The spectral decomposition of M,{/} has the form
Mol = [ Elgz) (o5l dvE) (A4)

Since
(U )(r) =P (e’r) =V up(r) (A5)

we infer that

UM U = [ E|9><ps| d(e”E) (A6)
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Since, on the other hand, #,M,% ' =¢”M,, see Eq. (6.3), it follows that
dv(eP”E) =e" dv(F) (A7)

i.e., that dv(F)=c dE for some positive constant ¢. Hence

¢[lpey<peldE=1 (A8)

and for

f(E):ﬁLw 9o f(r) 19V dr (A.9)

we obtain [& | f(E)|2dE={& | f(r)|?r~" dr. Substituting E = ¢, we shall
define

(41w =y 7 uf(e™) (A.10)
¥7: L¥]0, oo, r*~ ' dr) —» L¥R, du) is a unitary operator. Besides,
(Vi My(1) ) u)=e" (77 ) Nu) (A.11)

Let #;: L*(1]0, oo, r*"'dr)— L*R, du) be another unitary operator
defined by

(73 Wu) =e~9Pufe") (A.12)
Note that
(Vi) = (Vi f)u—s), i=12 (A.13)
so that U,=7""'¥, commutes with %,. Besides,
My(l)= Upr U (A.14)

as follows from Eq. (A.l1l). This is the relation (6.8) for n=2. Since,
explicitly,

, 2
" ) = (y/2)(u—u)Jv < (y/2)(u—u’)> 3 "Ydu A15
(¥1./)(w) \/y_cfe ) y\/lse (V2 ) ') du ( )
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and the Mellin transform is the composition of ¥, and the Fourier trans-
form, we obtain for Re ¢ =d/2

UZ(O') -1 __ \/)TC f eld2+a)u er/2)u Jv, <L E:(}//2)u> du
7 /D

(d+20)fy
=./ycD <% \/B> j x(d+2”)/"]vl(x) dx

I'(12(1 + v+ (d+20)/y))
=_/veD (d+20)/y .
7eD (7/D) U0 v, —(dt 20y 10

The unitarity implies that yeD =1 so that, finally,

R B I'(12(1 +v,—{d+20)/y))
— (d+2a)/,
Ux(0)=(7/D) yF(l/Z(l + v, 4+ (d+20)/y)) (A-17)

The right hand side has a meromorphic continuation to the complex plane
of ¢ with poles at

d—y |y
P=—T+§v,+yp (A.18)

oy,
for p=0,1,.. Since the true (more regular at the origin) zero mode of
M,(]) occurs at scaling dimension g, 4, this is exactly the analytic structure
predicted for U,(c). The function r°*# (multiplied by an angular term)
represents a slow 2-point mode in the angular momentum !/ sector.

APPENDIX B

Let us briefly consider the convergence properties of the integrals
(8.24). Let k;e SO(2) be rotation matrices s.t. v, = k;(r;, 0) where r, = |u;|.
We have g(z,) ' k,=(k;'g(z;) '=kiglk['z;)~"! for some kjeSO(2).
Denoting %(k(r, 0)) =%(r), observing that |g(z;)~'(r;, 0)|=r;y;'* and
using the SL(2) invariance of dv(z;), we obtain

an(u):fG(i, 7)) Gy 2y, 23) - G(K 1 20— ys 20) [ 6,7 %) dV(z))

(B.1)

822/90/3-4-4
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where x,=r} k; is the rotation by the angle between ;. and u;. We

shall study the behavior of F,, as r, tend to 0. The following is a useful
relation:

1
[ Gz 2)dx = 5 (000 =)+ YOy =y =Golr.y)  (B2)

For the 4-point function, noting that Im{x,z,) =1y, y, where
y1=[(x, sin § +cos $)*>+ y?sin® ]! (B.3)

9 being the angle between u, and u,, we obtain

Fy(uy, uy) =f G, zy) Gol(y1 15 ¥2) (5(71yf1/2) (5(’”2)’2_1/2) Yz_z dy, dv(zy).

(B4)
Consider first the case 3=01i.e., y, =1. Then
1
Fufuts )= s [ (00 = D+ 2100 =y (102~ 30)
+ 32,0(y1— y2))
XG(ryT ) Clrays 2yt dy y3 P dy, (B.5)

Since ¥ =%, has rapid decay at infinity, the integrals are effectively cut to
y;>(r;/L)? and produce logarithms of (r,/L) as these ratios tend to zero.
The most singular contribution is from y,8(1— y,) y,68(y, — y,) term
which yields 4 In(r, /L) In(r,/L) — 2(In(r,/L))* if r, >r, and 2(In(r,/L))? if
r,>r;. Thus

Fy p(uy, us) 4+ Fyluy, uy)

2
- (%)) In(r,/L) In(r,/L) + less singular (B.6)

for 3=0.
For 9 #0, the y, integral yields

x2+(y,+1)?
xt+(y,— 1)
x8(yy y1 —r3/L*)+ B] y*dy, dx, (B.7)

1
Fu st u) =g [ In ulriy7 () +In(yyr; 2L2)
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where B is bounded. For the In(y,) term the only singularity is at y, small
and this term is bounded by const. |In(r,/L)|. The rest has same leading
singularity as the 9 =0 calculation. Thus recognizing in (B.6) the 2-point
singularities (8.9), we infer that the leading singularity of the 4-point func-
tion is Gaussian, the sum of products of 2-point functions.

The analysis of the general correlation is similar though tedious. When
all the points are on the same line i.e, all the angles are zero, we can do
all the x; integrals by (B.2). Most singular contribution is the one where all
Gol ¥;—1, ;) are replaced by 1/(4D) y,0(y;_, — y,). Summing over the per-
mutations of the u; yields

1 !
ZFZn(un)zl_[— Clriy~ Py ytdy+ -
b4 i 4D 0

%(0)
=17 In(r. B.
|i| 5D n(r,/L) + (B.8)
were --- is less singular. Non-zero angles give again subleading contribu-

tions. The subsequent sum over unordered pairings gives the Gaussian
expression for the leading short-distance singularity of %, ,(x) in terms of
the singular contributions to the 2-point function, in agreement with the
observations of refs. 1 and 6.

Finally, for d > 2, to extract the leading singularity some bounds for G
are needed. Let us here note only that for d=3 if all the x; are identity,
then the x integrals can again be done and the result is that G gets replaced
by G, where

Go=const. ( — y? 6§I—3y§ aiz)“ (B.9)

on L*(y,y;) *dy,dy,) (we have put y,=¢e% y,=¢f in (8.26)). The
behavior of G, near y,=0 is calculable and the leading singularity can
again be shown to be given by products of 2-point functions, Using the
Mellin transform we may write

“@e_,fdyxdya

(GoF)(y1, y'2)=const.f o
1.2

o

PN 172
x <Jﬂ_y_2> e — V(40(10g(y, 7)) — 1/(120)(108( 7,/¥3))
Y1¥2

X F(y1, y,) (B.10)
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%(ry~'7) in (B.1) is replaced by %(ry"?y;"/%). Hence, let p= y?y}/

and let F(y,, y,) = f(p). Then (GoF)(y}, y5) = f(p') with

6

7(p')=const. Jw%e—t J. du dv f(e—u—vpl) eu+3ve~(u2/t)—(3v2/t) (B.11)

0

which after performing the w—v and the / integrals becomes
§ &(p'.p) f(p) dp with

'3

1
g(p’,p)=const.{;0(p’—p)+/;—40(p—p’) (B.12)

We may then write F,, in the form

n

Falw = [ g(l.p)) - gpu_vsp) [L €(rip7 M dp, (B3

i=1

and the analysis of the singularities goes on as in the d=2 case.
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